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Abstract 


We propose a coalgebraic definition of weak bisimulation for classes of 
coalgebras obtained from bifunctors in the category Set. Weak bisim- 
ilarity for a system is obtained as strong bisimilarity of a transformed 
system. The particular transformation consists of two steps: First, the 
behavior on actions is lifted to behavior on finite words. Second, the 
behavior on finite words is taken modulo the hiding of internal or in- 
visible actions, yielding behavior on equivalence classes of words closed 
under silent steps. The coalgebraic definition is validated by two cor- 
respondence results: one for the classical notion of weak bisimulation 
of Milner, another for the notion of weak bisimulation for generative 
probabilistic transition systems as advocated by Baier and Hermanns. 


1 Introduction 


We present a definition of weak bisimulation for action type systems based 
on the general coalgebraic apparatus of bisimulation [1, 21, 38]. Action-type 
systems are systems that arise from bifunctors in the category Set. A typical 
and familiar example of an action-type system is a labelled transition system 
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(LTS) (see, e.g., [22, 33]), but also many types of probabilistic systems (see, 
e.g., [24, 40, 17, 7, 39]) fall into this class. Informally, an action-type system 
in Set is a coalgebra that performs actions from a set A. 

For the verification of system properties, behavior equivalences are of- 
ten employed. One such behavior equivalence is strong bisimilarity. How- 
ever strong bisimilarity is often too strong an equivalence. Weak bisimilar- 
ity, originally defined for LTSs in the work of Milner [28, 30], is a looser 
equivalence on systems that abstracts away from internal or invisible steps. 
In fact, weak bisimilarity for a labelled transition system S amounts to 
strong bisimilarity on the ‘double-arrowed’ system S’ induced by S. In fact, 
the ‘double-arrowed’ system is the original system saturated with invisible 
steps. We generalize this idea for a coalgebraic definition of weak bisimula- 
tion. Our approach, given a system S, consists of two stages. 


1. First, we define a ‘*-extension’ S’ of S which is a system with the 
same carrier as S, but with action set A*, the set of all finite words 
over A. The system S’ captures the behavior of S on finite traces. 


2. Next, given a set of invisible actions 7 C A, we transform S’ into a 
so-called ‘weak t-extension’ S” which abstracts away from T steps. 
Then we define weak bisimilarity on S as strong bisimilarity on the 
weak-r-extension S”. 


Defining weak bisimulation for coalgebras has been studied before. 
There is early work by Rutten on weak bisimulation for while programs [37], 
succeeded by a syntactic approach to weak bisimulation by Rothe [35]. In 
the latter paper, weak bisimulation for a particular class of coalgebras was 
obtained by transforming a coalgebra into an LTS and making use of Mil- 
ner’s weak bisimulation there. This approach also supports a definition of 
weak homomorphisms and weak simulation relations. Later, in the work 
of Rothe and Masulovié [36], a complex, but interesting coalgebraic theory 
was developed leading to weak bisimulation for functors that weakly pre- 
serve pullbacks. They also consider a chosen ‘observer’ and hidden parts of a 
functor. However, in the case of probabilistic and similar systems, this does 
not lead to intuitive results and cannot be related to the concrete notions of 
weak bisimulation. The so-called skip relations used in [36] seem to be the 
major obstacle as it remains unclear how quantitative information can be 
incorporated. In the context of open maps, a category theoretical interpre- 
tation of weak bisimulation on presheaf models has been proposed in [15]. 
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Recent work [34] shows that weak bisimilarity for LTSs can be captured in 
a semantic domain involving traces and coalgebraic finality. 

Indeed, the two-phase approach of defining weak bisimilarity for gen- 
eral systems is, amplifying Milner’s original idea, rather natural. Our pro- 
posal for weak bisimilarity of action-type systems builds on the intuition in 
concrete cases. A drawback of our approach is that the definition of weak 
bisimulation is parametrized with a notion of a *-extension that does not 
come from a general categorical construction, but has to be tuned for the 
concrete type of systems at hand. 

In this paper we focus on two particular examples of action-type sys- 
tems: LTSs and the generative probabilistic systems [16, 17, 42]. The gen- 
erative systems are closely related to LTSs, the difference is that all non- 
deterministic choices in an LTS are probabilistic choices in a generative 
system. 

For LTSs, weak bisimulation is an established notion and the main mo- 
tivation of the paper is to generalize this notion to coalgebras, as arbitrary 
as possible. Baier and Hermanns introduced, rather appealingly, the notion 
of weak bisimulation for generative probabilistic systems [7, 6, 8]. In this pa- 
per, we propose a notion of weak bisimulation at a high-level of abstraction 
that justifies the definition of Baier and Hermanns for generative systems 
and illuminates the similarity between the notion of weak bisimulation for 
LTSs and of weak bisimulation for generative systems. 

In the context of concrete probabilistic transition systems, there have 
been several other proposals for a notion of weak bisimulation, often rely- 
ing on the particular model under consideration. For a detailed study of 
the different probabilistic models the reader is referred to [10, 11, 43, 42]. 
Segala [40, 39] proposes four notions of weak relations for his model of sim- 
ple probabilistic automata. A detailed study of these relations can be found 
in [45]. It is a topic for further research to see how these notions fit into our 
general framework. Several groups of authors studied weak equivalences for 
the so-called alternating model of Hansson [20]. Philippou, Lee and Sokol- 
sky [32] proposed the first notion of weak bisimulation in this setting. This 
work was extended to infinite systems by Desharnais, Gupta, Jagadeesan 
and Panangaden [14]. The same authors also provided a metric analogue of 
weak bisimulation [13]. Recently, Andova and Willemse studied branching 
bisimulation for the alternating model [4, 5], and together with Baeten [3] 
provided a complete axiomatization of this process equivalence in a process 
algebra setting. However, the alternating probabilistic automata are not 
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coalgebras (see [42]) and therefore do not qualify for our definition. 

Weak bisimulation was also considered for Markov chains in both dis- 
crete time [9, 41] and continuous time [9, 27]. Markov chains are not exactly 
action type coalgebras, since they are fully probabilistic non-labelled sys- 
tems. However, the notion of weak bisimulation from [41] is based on the no- 
tion of weak bisimulation for generative probabilistic systems that is central 
to our paper. It is interesting to note that the notion of weak bisimulation 
by Baier and Hermanns has attracted attention in the security community 
and has been applied to security issues such as non-interference and secure 
information flow [2, 41, 23]. For the latter paper [23], as we will see for 
the present paper too, the coincidence of weak bisimulation and branching 
bisimulation in the setting of generative systems is crucial. Transition sys- 
tems with both actions and generally distributed time delay occurring as 
labels are studied in [25] as well as a notion of weak bisimulation taking 
non-deterministic and sequential composition into account. 

Below, we prove, not only for the case of labelled transition systems, 
but also for generative probabilistic systems that our coalgebraic definition 
corresponds to the concrete one of [30] and [7]. Despite the appeal of the 
coalgebraic definition of weak bisimulation, the proofs of correspondence re- 
sults vary from straightforward to technically involved. For example, the rel- 
evant theorem for labelled transition systems takes less than a page, whereas 
proving the correspondence result for generative probabilistic systems takes 
in its present form more than twenty pages (additional machinery included). 

The paper is organized as follows: Section 2 gathers the preliminary 
definitions and results. Section 3 is the kernel of the paper presenting the 
definition of coalgebraic weak bisimulation. We show that our definition of 
weak bisimilarity leads to Milner’s weak bisimilarity for LTSs in Section 4. 
Section 5 is devoted to the correspondence result for the class of genera- 
tive systems of the notion of weak bisimilarity of Baier and Hermanns and 
our coalgebraic definition. This section is a technically involved part of 
the paper and is divided in several parts, discussing in detail generative 
probabilistic systems and their concrete and coalgebraic weak bisimulation. 
In Section 5.1 we study some basic notions, such as paths and cones of 
generative systems, and their properties. Section 5.2 establishes that the 
probability distributions defining a generative probabilistic system extend 
to measures on a certain o-algebra of paths. In Section 5.3 we present the 
concrete definitions of weak bisimulation for generative systems by Baier 
and Hermanns, as well as branching bisimulation, and we gather and prove 


96 


some properties of these relations (in concrete terms) that we need for our 
correspondence result. Section 5.4 presents the coalgebraic weak bisimula- 
tion for generative probabilistic systems which in Section 5.5 is compared 
to the concrete notion of weak bisimulation. At the end, Section 6 draws 
some conclusions. Last, but not least, one will find several appendices. The 
theme that connects them is the notion of weak pullback preservation— 
a technical condition that is helpful in relating concrete and coalgebraic 
bisimulations. We recall the definitions of pullbacks and their preservation 
in Appendix A. We prove weak pullback preservation of the distribution 
functor (without restricting to finite support) in Appendix B. This is an 
interesting side-contribution of the paper. Its place is in an appendix in 
order not to distract the main line of the story. In Appendix C we investi- 
gate the weak pullback preservation of the functor appearing in Section 5. 
Interestingly, this functor does not preserve weak pullbacks, but it preserves 
total weak pullbacks, a notion that turns out to be important in our inves- 
tigations. 


Note An extended abstract of this paper appeared in L. Birkedal, editor, Pro- 
ceedings of CTCS’04, ENTCS 122, 211-228, 2005. 


2 Systems and bisimilarity 


We are treating systems from a coalgebraic point of view. Usually, in this 
context, a system is considered a coalgebra of a given Set endofunctor. For 
an introduction to the theory of coalgebra the reader is referred to the 
introductory articles by Rutten, Jacobs, and Gumm (38, 21, 19]. However, 
in our investigation of weak bisimilarity it is essential to explicitly specify 
the set of executable actions. Therefore we shall rather start from a so-called 
bifunctor instead of a Set endofunctor, cf [12, 26]. 

A bifunctor is any functor F: Set x Set > Set. If F is a bifunctor and 
A is a fixed set, then a Set endofunctor F4 is defined by 


FaS = F(A,S), Faf = Flida, f) for f: S > T. (1) 
We formulate the next simple proposition for further reference. 


Proposition 1 Let F be a bifunctor, and let A,, Ag be two fixed sets and 
f : A, — Ag a mapping. Then f induces a natural transformation nf : 
Fa, > Fa, defined by ni, = F(f, ids). o 
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We next define action-type coalgebras i.e. action-type systems based 
on bifunctors. 


Definition 1 Let F be a bifunctor. If S and A are sets and a is a function, 
a: S — F4(S), then the triple (S,A,a) is called an action type F4 coalge- 
bra. A homomorphism between two F4-coalgebras (S,A,a) and (T, A, 3) is 
a functionh: S > T satisfying Fahoa = Bch. The F,4-coalgebras together 
with their homomorphisms form a category, which we denote by Coalg#. 


Next we present two basic types of systems, labelled transition systems 
and generative systems, which will be treated in more detail in Section 4 
and Section 5. We give their concrete definitions first. 


Definition 2 A labelled transition system, or LTS for short, is a triple 
(S,A, >) where S and A are sets and > CSx Ax S. We speak of S as 
the set of states, of A as the set of labels or actions the system can perform 
and of — as the transition relation. As usual we denote s “> s' whenever 
(s,a,s')E >. 


When replacing the transition relation of an LTS by a “probabilistic 
transition relation”, the so-called generative probabilistic systems are ob- 
tained. 


Definition 3 A generative probabilistic system is a triple (S,A,P) where 
S and A are sets andP:SxAxS — [0,1] with the property that for s € S, 


S- P(s,a, 8’) € {0, 1}. (2) 
acA, s/ES 

We speak of S as the set of states, of A as the set of labels or actions 
the system can perform and of P as the probabilistic transition relation. 
Condition (2) states that for alls € S, P(s,_,_) is either a distribution over 
Ax S or P(s,_,-) = 0, te. s is a terminating state. As usual we denote 
ge ih entier P(s,a,s') =p, and s—*+s8' for P(s,a,s') >0. 
Remark 1 In order to clarify the condition (2) let us recall that the sum 
of an arbitrary family {x; | 1 € I} of non-negative real numbers is defined 
as 

So ai = sup{) = 2 | J CI,J finite}. 

ie] ieJ 
Note that, f cep ti < 00; then the set {x; | 4 -e Tyea; - O}. 43 at most 
countably infinite. 
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Let us turn to the coalgebraic side. LTSs can be viewed as coalgebras 
corresponding to the bifunctor 


L=P(Id x Id). 


Namely, if (S,A,—) is an LTS, then (S,A,a), where a: S — L,4(S) is 
defined by 
(a,s') €a(s) — ss! 


is an L4-coalgebra, and vice-versa. Further on, we will freely use —> 
notation when talking about L4-coalgebras. Also the generative systems 
can be considered as coalgebras corresponding to the bifunctor 


G = D(Zd x Td) +1. 


Here D denotes the distribution functor, that is, D : Set — Set 
DX ={y:X [0,1] | Dyex nz) =} 
(DAW Y) = Vyayay HO), FX OY, pe DX ye. 


If (S,A,P) is a generative system, then (S,A,qa) is a G4-coalgebra 
where a: S — G4(S) is given by 


a(s)(a,s’) = P(s,a, 8’), 


and vice-versa. Thereby we interpret the singleton set 1 as the set containing 
the zero-function on A x S. Note that a(s) is the zero-function if and only 
if s is a terminating state. 

In the literature it is common to restrict to generative systems (S, A, a) 
where for any state s the function a(s) has finite support. The restriction to 
finite support guarantees existence of a final coalgebra. However, in many 
respects, in particular when the existence of a final coalgebra is not needed, 
this restriction is not necessary. 


An important notion in this paper is that of a bisimulation relation 
between two systems. We recall here the general definition of bisimulation 
in coalgebraic terms. 


Definition 4 Let (S,A,a) and (T,A,() be two F4-coalgebras. A bisimu- 
lation between (S,A,a) and (T,A,() is a relation R C S x T, such that 
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there exists amap y: R — FaR making the projections 7, and 72 coalgebra 
homomorphisms between the respective coalgebras, i.e. making the following 


diagram commute: 
T1 72 


S< R >T 


a| | |» 


Fas Fan Fak Far fae 


Two states s€ S andt € T are bisimilar, notation s ~ t if they are related 
by some bisimulation between (S,A,a) and (T, A, 3). 


Often we will consider bisimulations that are equivalence relations on 
a single coalgebra (S, A, a). 


In general, hence also for functors F4 and G, arising from bifunctors 
F and G, it holds that a natural transformation 7 : F4 = G, determines a 
functor T : Coalg# => Coalgg defined by 


T((S,A,a)) = (S,A,ns° a), Tf=f. (3) 


We will refer to the functor 7 as the functor induced by the natural transfor- 
mation 7. Functors induced by natural transformations preserve homomor- 
phisms and thus preserve bisimulation relations, in particular bisimilarity 
(cf. [38]). 


LTSs and generative systems come equipped with their concrete notions 
of bisimulation relations, cf. [29] and [24, 17], respectively, which we present 
next. 

Definition 5 Let (S,A,—) be an LTS. An equivalence relation RC SxS 
is a (strong) bisimulation on (S,A, >) if and only if whenever (s,t) € R 
then for alla € A the following holds: 


s—+ s' implies that there exists t' € S witht “+t! and (s',t') € R. 


Two states s and t of an LTS are called bisimilar if and only if they 
are related by some bisimulation relation. Notation s ~, t. 


For generative systems we have the following definition of bisimulation. 
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Definition 6 Let (S,A,P) be a generative system. An equivalence relation 
RCSxS is a (strong) bisimulation on (S,A,P) if and only if whenever 
(s,t) € R then for alla € A and for all equivalence classes C € S/R 


P(sa,G)=P(t,a,C), (4) 


Here we have put P(s,a,C) = Yiyec P(s,a,8'). Two states s and t of 
a generative system are bisimilar if and only if they are related by some 
bisimulation relation. Notation s ~g t. 


The concrete notion of bisimilarity for LTSs and generative systems 
and the respective notions of bisimilarity obtained from Definition 4 coin- 
cide. For the case of LTSs a direct proof was given, for example, by Rutten 
[38]. For generative systems this fact goes back to the work of De Vink and 
Rutten [46] where Markov systems were considered, and was treated in [10] 
for generative systems with finite support. 


We will now describe a general procedure to obtain coincidence results 
of this kind. This method already appeared implicitly in [11]. It applies 
to LTSs as well as to generative systems in their full generality. We will 
also use the method to obtain a concrete characterization of bisimilarity for 
another, more complex, functor, in Section 5. 


Definition 7 Let R C S x T be a relation, and F a Set functor. The 
relation R can be lifted to a relation =F,RC FS x FT defined by 


L=rpry <> AzCFR: Fa(z)=2, Fro(z) =y. 
The following lemma is obvious from Definition 4. 


Lemma 1 A relation RC S x T is a bisimulation between the Fa systems 
(S,A,a) and (T, A, 3) if and only if 


(s, t) EeR=> a(s) =F,,R B(t). (5) 


O 


Note that the condition (5) is an abstract formulation of what is com- 
monly referred to as a transfer condition. 
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For the sequel, weak pullback preservation will be of some importance. 
We recall the definitions of (weak) pullbacks and some needed properties 
concerning their preservation in Appendix A. One particular kind of pull- 
backs, total pullbacks, are important for our investigations. A total pullback 
is a weak pullback with surjective legs. 

A characterization of bisimilarity will follow from the next lemma. 


Lemma 2 If the functor F weakly preserves total pullbacks and R is an 
equivalence on S, then =F,p 1s the pullback in Set of the cospan 


F9 2 FSR) FS (6) 


where c: S — S/R is the canonical morphism mapping each element to its 
equivalence class. 


Proof: Since RF is an equivalence relation and therefore reflexive, the left 
diagram below is a pullback diagram with epi legs, i.e., a total pullback. 


T1 R 72 Fri FR Fr2 
S S FS 
S/R F(S/R) 


Since F weakly preserves total pullbacks, the right diagram is a weak pull- 
back diagram. By Definition 7 the map 


Fs 


wi FR-=f,r, w(z) = (Faiz), F(z) 


is well-defined, surjective, and it makes the two upper triangles of the next 
diagram commute: 


As the lower square commutes and w is surjective, the outer square of the 
above diagram also commutes, and by the existence of w from the weak 
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pullback FR to =¢.r, =F,R is a weak pullback as well. However, since it 
has projections as legs it is a pullback. O 


Suppose that a functor F weakly preserves total pullbacks and assume 
that R is an equivalence bisimulation on S,, i.e., R is both an equivalence 
relation and a bisimulation on S, such that (s,t) € R. The pullback in Set 
of the cospan (6) is the set { (7, y) | Fc(x) = Fc(y)}. By Lemma 2 this 
set coincides with the lifted relation =-,z. Thus =rfry — > Fe(x) = 
Fc(y). Therefore, we obtain the transfer condition for the particular notion 
of bisimulation if we succeed in expressing concretely (Fcea)(s) = (Fcea)(t) 
in terms of the representation of a(s) and a(t). 

To illustrate the method, we will use it in showing the well-known 
correspondence of coalgebraic and concrete bisimulation for LTSs. 


Lemma 3 An equivalence relation R on a set S is a coalgebraic bisimula- 
tion on the LTS (S, A, a) according to Definition 4 for the functor La if and 
only if it is a concrete bisimulation according to Definition 5. 


Proof: It is easy to show that the LTS functor L, preserves weak pullbacks 
(see e.g. [42]). For X € L4(S), ie. X C Ax S, we have La(c)(X) = 
Plida,c)(X) = (id4,c)(X) = {(a,c(x)) | (a,x) € X}. Using Lemma 1 we 
get that an equivalence R C S x S is a coalgebraic bisimulation for an LTS 
(S, A, a) if and only if 


(s,t) ER => {(a,c(s’)) | (a, 8") € a(s)} = { (a, e(#/)) | (a,#’) € a(t) } 


or, equivalently 


Giver => (6 Sse = Ss eS: tS AG) eR): 


which is the transfer condition from Definition 5. O 

The most difficult part in establishing the correspondence result for 
generative systems is proving the weak pullback preservation for the distri- 
bution functor. 


Proposition 2 The functor D preserves weak pullbacks. O 


Appendix B is dedicated to the proof of this proposition. As a con- 
sequence we get that the functor for generative systems G4 preserves weak 
pullbacks. An application of Lemma 1 and some simple derivations now 
suffice to show the correspondence result. 
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Lemma 4 An equivalence relation R on a set S is a coalgebraic bisimu- 
lation on the generative system (S,A,a) according to Definition 4 for the 
functor Ga if and only if it is a concrete bisimulation according to Defini- 
tion 6. O 


We end this section with a small discussion on the assumption of 
Lemma 1. Often we require a functor to weakly preserve pullbacks, so 
that it will be “well-behaved”. For example, for bisimilarity being an equiv- 
alence. It can easily be seen that the milder condition of weakly preserving 
total pullbacks suffices for bisimilarity to be an equivalence. Moreover, we 
have relaxed the weak pullback preservation condition since in Section 5 we 
will need a bisimilarity characterization of a functor that transforms total 
pullbacks to weak pullbacks, but does not preserve weak pullbacks. 


3 Weak bisimulation for action-type coalgebras 


In this section we present a general definition of weak bisimulation for 
action-type systems. Our idea arises as a generalization of the notions of 
weak bisimulation for concrete types of systems. In our opinion, a weak 
bisimulation on a given system is a strong bisimulation on a suitably trans- 
formed system obtained from the original one. 

Weak bisimulation in concrete cases deals with hiding actions. There- 
fore we focus on weak bisimulation for action-type coalgebras. Recall that 
we have defined action-type coalgebras in Definition 1 as triples (S, A, a) 
such that (S,a:S — F,4S) is a coalgebra for the functor Fy induced by a 
bifunctor F, as in Equation (1). 

We proceed with the definition of weak bisimulation for action-type 
coalgebras. The definition consists of two phases. First we define the notion 
of a *-extended system, that captures the behavior of the original system 
when extending from the given set of actions A to A*, the set of finite 
words over A. The *-extension should emerge from the original system in a 
faithful way (which will be made precise below). The second phase considers 
invisibility. Given a subset 7 C A of invisible actions, we restrict the *- 
extension to visible behavior only, by defining its weak-r-extended system. 
Then a weak bisimulation relation on the original system is obtained as a 
bisimulation relation on the weak-7-extension. 


Definition 8 Let F and G be two bifunctors. Let ® be a map assigning to 
every F4-coalgebra (S,A,a), a Gax system (S,A*,a’), on the same set of 
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states S, such that the following conditions are met 
(1) ® is injective, i.e. ®((S, A,a)) = ®((S, A, B)) > a= GB; 


(2) ® preserves and reflects bisimilarity, i.e. s ~ t in the system (S, A, a) 
if and only if s ~~ t in the transformed system ®((S, A,a)). 


Then ® is called a *-translation, notation ® : F > G. The G4x-coalgebra 
®((S,A,a)) is said to be a x-extension of the F4-coalgebra (S, A, a). 


From the conditions (1) and (2) in Definition 8 it follows that the 
original system is “embedded” in its *-extension, cf. [10, 11, 43]. The fact 
that a *-translation may lead to systems of a new type, viz. of the bifunctor 
G, might seem counter intuitive at first sight. However, this extra freedom 
is exploited in Section 5 when the starting functor itself is not expressive 
enough to allow for a *-extension. 

A way to obtain *-translations follows from a previous result. Namely, 
if A: F4 => Gya« is a natural transformation with injective components and 
the functor F4 preserves weak pullbacks, then the induced functor (see 
Equation (3)) is a «translation [10, 11]. However, we shall see later (cf. 
Example 1 and the preceding discussion) that *-translations emerging from 
natural transformations do not suffice. 


Having described how to extend an F4 system to its *-extension we 
show how to hide invisible actions. Fix a set of invisible actions 7 C A. 
Consider the function h,: A* — (A \7)* induced by h,(a) = a if a ¢ 7 
and h,;(a) = € for a € rT (where € denotes the empty word). The function 
h, is deleting all the occurrences of elements of 7 in a word of A*. We put 
A; =(A\7)*. By Proposition 1, we get the following. 


Corollary 1 The transformation 17: Gax >Ga, given by ng = Ghr, ids) 
is natural. O 


Let UY, be the functor from Coalgg” to Coalgg” induced by the natural 
transformation 77, i.e. U,((S,A*,a’)) = (S,A,,a”) for a” = n§ 0a’ and 
w,f = f for any morphism f : S — T. As mentioned above, the induced 
functor preserves bisimilarity. The composition of a *-translation ® and 
the hiding functor VW, is denoted by Q, = WV, °® and is called a weak-rT- 
translation. The resulting system (S,A,,1%°a’) is called a weak-T-extension 
of (S, A, a). 
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The transformation to a weak-7-extension is presented in the following 
scheme. 


S S S 
| Rees Oe Sen 
Fas GaxS eters 
Fa -coalgebra Gy,» - coalgebra Ga4,S 


Ga, - coalgebra 


A weak-r-translation, or equivalently, the pair (®,7), yields a notion 
of weak bisimulation with respect to ® and Tr. 


Definition 9 Let F, G be two bifunctors, ® : F > G a *-translation and 
tT CA. Let (S,A,a) and (T, A, 3) be two Fa systems. A relation RC SxT 
is a weak bisimulation with respect to (®, 7) if and only if it is a bisimulation 
between 0,((S,A,a)) and 0,((T, A, 3)). Two states s € S andt € T are 
weakly bisimilar with respect to (®,T), notation s ~, t, if they are related 
by some weak bisimulation with respect to (®,T). 


Concrete examples of weak bisimulation will be discussed in Section 4 
and Section 5. We continue with verifying that weak bisimulations +, posses 
the intuitively expected properties. 


Proposition 3 Let F, G be two bifunctors, ® : F — G a *-translation, 
(S,A,a) an F4-coalgebra, tT C A and let +, denote the weak bisimilarity on 
(S,A,a) w.r.t. (8,7). Then the following hold: 


(i) ~ Cx, for anyt CA 
i.e. strong bisimilarity implies weak bisimilarity. 
(ii) ~ = 9 
i.e. strong bisimilarity is weak bisimilarity in absence of invisible ac- 


tions. 


(iit) T. C 72> & py, C My for any 1,72 CA, 
i.e. the more actions are invisible, the coarser the weak bisimilarity 
gets. 
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Proof: Let F,G,®,(S,A,a) and 7 be as in the assumptions of the 
Lemma. 


() 


(iii) 


Assume s ~ t in (S,A,a). Since ® preserves bisimilarity (Definition 8) 
we have that s ~ ¢ in ®((S,A,qa)). Next, since UW, preserves bisimi- 
larity we get s ~ t in UV, ° ®((S, A,a)), which by Definition 9 means 
sw, tin (S,A,a). 


From (i) we get ~ C &g. For the opposite inclusion, note that hg : 
A* — A* is the identity map, hence the natural transformation nf? 
from Corollary 1 is the identity natural transformation. Therefore the 
induced functor Vg is the identity functor on Coalgg’ . Now assume 
s xg tin (S,A,a). This means s ~ t in 09((S,A,q@)), ie. s ~ t in 
Wg 0 &((S,A,a)), ie. s ~ t in 6((S,A,a)). Since, by Definition 8, 
every *-translation reflects bisimilarity we get s ~ t in (S, A,a). 


Let 7, C 7). Consider the diagram 


Rr 
A* —> Ary 


hy 
LK 


An 


where h,,,7, is the map deleting all occurrences of elements of 72 in a 
word of A;,. The diagram commutes since first deleting all occurrences 
of elements of 7, followed by deleting all occurrences of elements of 72, 
in a word of A* is the same as just deleting all occurrences of elements 
of tT. Let 7", 7, 77 be the natural transformations induced 
by hz, hry, Ary,r, respectively ( see Proposition 1 and Corollary 1). 
Then the following diagram commutes. 


2 
Ga =—_ Ga, 


T1 


Ga, 


Let U,,, Ur, U+,,7. be the functors induced by the natural transfor- 
mations 77, 77, 772, respectively. By Equation (3) it holds that 


U7, i Wr i Ur, (7) 
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and they all preserve bisimilarity. Now assume s ~,, t in (S,A,q). 
This means that s ~ t in the system W,, ° ®((S,A,a)). Then, since 
V,,.7 preserves bisimilarity we have s ~ ¢ in the system W,, ,, 0 V;, © 
®((S,.A,a)) which by equation (7) is the system WV, °@((S,A,a)) and 
we find s %,, t in (S, A, a). O 


For further use, we introduce some more notation. For any w € A,, 
we put B,, = h-'({w}) C A*. We refer to the sets B,, as blocks. Note that 
Bo Sr ar 7 apt” TOP w= ape A = (AV): 


4 Weak bisimulation for LTSs 


In this section we show that in the case of LTSs there exists a *-translation 
according to the Definition 8, such that weak bisimulation in the concrete 
case [29] coincides with weak bisimulation induced by this *-translation. 
First we recall the standard definition of concrete weak bisimulation for 
LTSs. 


Definition 10 Let (S,A,—) be an LTS. Let tT € A be the invisible action. 
An equivalence relation RC Sx S is a weak bisimulation on (S,A,a) if 
and only if (s,t) € R implies that 


if s+ s', then there exists t' € S with 
T a T 


t 8 o —>*t! and (s',U)ER 


for alla € A\ {r}, and 
if s+ s', then there exists t' € S witht +*t! and (s',t') € R. 


Two states s and t are called weakly bisimilar if and only if they are 
related by some weak bisimulation relation. Notation s %, t. 


We now present a definition of a *-translation that will give rise to a 
notion of weak bisimulation that coincides with the standard one of Def- 
inition 10. Recall that £, £4 are the functors for LTSs, as introduced in 
Section 2. 


Definition 11 Let ® assign to every LTS, i.e. any L4-coalgebra (S, A, a), 
the Lax coalgebra (S, A*,a’) where for w = a,...a, € A*, k>0, 


(a,...0%,8') €al(s) <=> gto Br o---o “i! 
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and (e,s') €al(s) —> s=s'. We use the notation ss’ for (w,s') € 
a’(s). 


Hence, for w = a,...az, we have ss’ if and only if there exist states 
S1,---,8k—1 such that 


Furthermore, note that for a € A, since no hiding applies, it holds that 
s—+s'in (S,A,a) ifandonly if ss’ in (S,A,a’) = ®((S, A,a)) 


a (a,s')E€a(s) —  (a,s') €a‘(s). 


Proposition 4 The assignment ® from Definition 11 is a *-translation. 


Proof: We need to prove that ® is injective and reflects and preserves 
bisimilarity. Let ®((S,A,a)) = (5, A*,a’), ®((S, A, B)) = (S, A*, 6’). As- 
sume that a’ = 6’. Then, for any state s, 


(a, s') €a(s) — > (a,s') €al(s) — > (a,s') € B'(s) —> (a,s') € A(s). 


Hence a(s) = G(s), ie., a = B. 

For the reflection of bisimilarity, let s ~ t in ®((S,A,a)) = (S, A*,a’). 
Hence there exists an equivalence bisimulation relation R such that (s,t) € 
R and (according to Definition 5) for all w € A*, 

if s4s’ then there exists t/ € S such that t$¢/ and (s‘,t') € R. 

Assume s—*+ 8’ in (S,A,a). Then s-$8' in (S,A,q’) and therefore 
there exists t/ € S with (s’,t') € Rand t4t', ie, tt’. Hence, Risa 
bisimulation on (5, A,q) i.e. s ~ t in the original system. 

For the preservation of bisimulation, let s ~ t in (S, A,a) and let R be 
an equivalence bisimulation relation such that (s,t) € R. Assume ss’, 
for some word w € A*. We show by induction on the length of w that 
there exists t/ with t$¢/ and (s’,t/) € R. If w has length 0, then w = e«, 
s’ = s and we take t/ = t. Assume w has length k+ 1, ie. w =a-w’ for 
a€é A,w' € A*. Pick s” such that s > s” & 3. Since (s,t) € R we can pick 
t” such that t “>t” and (s’,t”) € R. By the inductive hypothesis, for w’ 


we can choose ¢’ such that t” >t! and (s’,t/) € R. Note that tt” Sv, 
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ie., tt’. Hence R is a bisimulation on (5, A*,a’) and s ~ t holds in the 
*-extension. O 

Note that if TJ is a functor induced by a natural transformation 7, in 
the context of Equation (3), and if (S,A,a), (S, A, () are two systems such 
that, for some s € S, a(s) = 3(s), then, clearly, 


a'(s) = ns(a(s)) = ns(B(s)) = 6'(s) (8) 
for (S, A,a’) = T((S, A,a)), (S, A,B’) = T((S, A, B)). 


Having *-translations induced by natural transformations is desirable, 
since such *-translations are functorial and also obtained by a categori- 
cal construct. However, the following simple example shows that the «- 
translation ® from Definition 11 violates (8). Therefore it can not be in- 
duced by a natural transformation. 


Example 1 Let S = {s1, 52,53} and A= {a,b,c}. Consider the LTSs: 
(S, A, a) : 1 55,553 and (S, A, 3) : 8, “4 89 S53. 


Obviously a(s1) = G(s). However, a'(s,) = {(e, 1), (a, 2), (ab, $3) } 
while 6’(s1) = {(e, 81), (a, $2), (ac, 83) }. 


We next show that the coalgebraic and the concrete definitions coincide 
in the case of LTS. 


Theorem 1 Let (S,A,a) be an LTS. Let tT € A be the invisible action and 
s,t € S any two states. Then s ~,,, t with respect to the pair (®,{T}) if 
and only if s %¢ t. 


Proof: Assume s %1,} t for s,¢ € S of an LTS (S,A,a). This means 


that s ~ t in the LTS (S, Agysns? oa’), ie., there exists an equivalence 
bisimulation R on this system with (s,t) € R. 

As usual, a’ is such that (S, A*,a’) = 6((S,A,a)). Here we have 
nh’! = L(hyr, ids) = P(hgyy, ids) and 


(nf oa')(s) = n§*(a'(s)) 

P(he7}, idg)(a"(s)) 
{(hgz}(w), 8’) | (w,s') € a"(s)} 
= {(u,s') | dw € By: sSs‘} 
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We denote the transition relation of the weak-r-system (S, Ay,}, ny? 2 a’) 
by => 7, ie., for w € A, 


sh, <> (w,s') € (nh? 0 a')(s). 
The above shows that for a word w =a 1...az € A; 


W 4 Vv 
os ==> a Se By HS Fie eer aT hee. 


We will show that the relation R is a weak bisimulation on (S,A,a) ac- 

cording to Definition 10. Let s—Ss' (a 4 rT). Then ss’, implying 

s4_ s'. Since R is a bisimulation on the weak-r-system, there exists 

t’ such that t >. t’ and (s’,t') € R. We only need to note here that 
FF E 


Qa * * ae / TT Is ‘ 

eS r*o ° >*. In case s — 8’ we have s=>s’ implying now 
s=>_s'. Hence, there exists t/ such that t,t’ and (s’,t’) € R. Since 
+, = —>*, we have proved that R is a weak bisimulation on (S, A, a) 


according to Definition 10. 

For the opposite, let R be a weak bisimulation on (S,A,a) according 
to Definition 10 such that (s,t) € R. It is easy to show that for any a € A, 
if s—+>*o *, o ++*s! then there exists t’ such that t—>* o > o > *¢! 
and (s’,t/) € R. Hence, if s+, s’ then there exists t/ with t,t’ and 
(s’,t') € R. Based on this, a simple inductive argument on k leads to the 
conclusion that for any word w = a,...a, € A;, if s4, s’ then there 
exists a t/ such that t,t! and (s’,t’) € R, i.e. R is a bisimulation on the 
weak-r-system and hence s %,, t. O 


5 Weak bisimulation for generative systems 


In this section we deal with generative systems and their weak bisimilarity. 
We first focus on the concrete definition of weak bisimulation by Baier and 
Hermanns [7, 6, 8]. Inspired by it, we provide a functor that suits for a 
definition of a *-translation for generative systems. This way we obtain a 
coalgebraic definition of weak bisimulation for this type of systems. We 
show that our definition, although at first sight much stronger, coincides 
with the definition of Baier and Hermanns for finite systems. Unlike in 
the case of LTSs, for generative systems the *-translation needs to leave its 
original class of systems, which justifies the generality of the definition. 
This section is divided into several parts that lead to the correspon- 
dence result: First we introduce paths in a generative system and establish 


111 


some notions and properties of paths. Next we define a measure on the 
set of paths, where we basically follow the lines of Baier and Hermanns 
(8, 6]. Furthermore, we present the definition of weak bisimulation by Baier 
and Hermanns, and we show some properties of weak bisimulation relations 
that will be used later on (without restricting to finite state systems as in 
[8, 6]). Then we define a translation and prove that it is a «translation 
providing us with a notion of weak-7-bisimulation. The final part of this 
section is devoted to the question of correspondence of the notion of weak- 
7-bisimulation defined by means of the given *-translation and the concrete 
notion proposed by Baier and Hermanns. 

The material presented in this section is to a large extent of technical 
nature. For readability, we provide a sketch-of-proof at a number of places. 
Full proofs can be found in [44]. 


5.1 Paths and cones in a generative system 


Let (S,A,P) be a generative system. A finite path a of (S,A,P) is an 
alternating sequence (s0, 41, $1,@2,.--,@k, Sk), where k € No, 5; € S, a; € A, 
and P(s;-1,a;,5;) > 0, 7 = 1,...,k. We will denote a finite path 7 = 
(50, @1, $1, @2,-.-,@x, 8%) More suggestively by 


ay a2 ak 
SQ —~ 81 — 82 °**: Sp_1 — Sk. 
Moreover, in the situation above, we put 
length(7) =k, first(7) = so, last(a) = sz, trace(7) = ayag--- ag. 


The path ¢€s, = (so) will be understood as the empty path starting at so. 
We will often write just ¢ for an arbitrary empty path. Similar to the finite 
case, an infinite path z of (5, A, P) is an infinite sequence (s9, a1, $1, @2,..-), 
where s; € S, a; € A and P(s;_1,a;, 5;) > 0, i € N, and will be written as 


ay a2 
oh 78] og 


Again we set first(7) = s9. A path 7 is called complete if it is either infinite 
or it is finite with last(7) a terminating state, ie. P(last(z),_,_) =0. 

The sets of all (finite or infinite) paths, of all finite paths and of all 
complete paths will be denoted by Paths, FPaths and CPaths, respectively. 
Moreover, if s € S', we write 


Paths(s) = {7 € Paths | first(7) = s}, 
FPaths(s) = {7 € FPaths | first(r) = s}, 
CPaths(s) = {a € CPaths | first() =s }. 
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We next define sets of concatenated paths. If I,,T2 C FPaths, we 
define 


II, - I. = {a1 -m2| m7 € 11h, 72 € I, last(m) = first (72) } , 


_ ay ak Qk+1 Qn fee ay ak 
where 71-72 = 8s tee > Sk ee Sn for m, = s—>-::: Sk 
aay Ak+1 an 
and 72 = 8% on Sic 


The set Paths(s) is partially ordered by the prefix relation. For 7,7’ € 
Paths(s) we write 7 x 7’ if and only if the path 7 is a prefix of the path 
Tw. 

Note that if * < 7’ then z is a finite path, and if 7; < m and m2 = 
a, then either 71; < mo or 72 X m1. The complete paths are exactly the 
maximal elements in this partial order. For every 7 € Paths(s), there exists 
am’ € CPaths(s) such that a =< 7’. 

The following statement will be used at several occasions throughout 


this section. 
Lemma 5 For any state s € S, the set FPaths(s) is at most countable. 


Proof: Let FPaths,,(s) denote the set of finite paths starting from s with 
length n. Clearly, FPaths(s) = Uncen FPaths,,(s). The statement follows 
from the observation that for any state s and any n € N the set FPaths,,(s) 
is at most countable. This observation can be proven by induction on n as 
follows. We have FPathso(s) = {e} and 


FPaths,,41(s) = U s—“>s'. FPaths,,(s’) 
(a,s’):P(s,a,s’)>0 


which is at most countable by the inductive hypothesis and by the fact 
that P(s,a,s’) >0 for at most countably many a and s’ (see Lemma 14 in 
Appendix B). Oo 


Definition 12 For a finite path 7 € FPaths(s), let x} denote the set 
mt = {€ € CPaths(s) | 7 x €} 
also called the cone of complete paths generated by the finite path 7. 
Note that always 7? 4 0. Let 


Cones(s) = {7} | 7 € FPaths(s)} C P(CPaths(s)) 
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denote the set of all cones starting in s. By Lemma 5 this set is at most 
countable. For the study of weak bisimulation for generative systems a 
thorough understanding of the geometry of cones is crucial. To begin with, 
we have the following elementary property: 


Lemma 6 Let 7,72 € FPaths(s). Then the cones 7] and m2} are either 
disjoint or one is a subset of the other. In fact, 


mo) if m1 X71 
mE mt =o mt if mx mm 
0 if ™m #72 and m2 K™ 
Moreover, we have 71] = 1} if and only if either 


.F ay ak = ay ar Qk4+1 an 
Ty, =8— +++ —> Sp, T2 = Se Sk — Sk41°°' —>Sn (9) 


forn>k>0, and 


PS 4 iis 1 t=k+1,...,n (10) 


or vice-versa. O 


Let II C FPaths(s). We say that Il is minimal if for any two 7, 7 € II, 
7 # T2, we have m1} M mol = 0. Hence in a minimal set of paths II no 
path of II is a proper prefix of another path of II. We will express that II is 
minimal by writing min(II). As example note that every singleton set {7}, 
ma € FPaths(s), is minimal. Also every subset of CPaths(s) is minimal, too. 
For II C FPaths(s) we denote by II} the set 


t= |) at. 
nell 


Then the fact min(II) just means that II} is actually the disjoint union of 
all at, m EI, ie. 


min) <=> Tt=| |at, 
well 


where, here and in the sequel, the symbol L! denotes disjoint unions. It is 
an immediate consequence of the definition that, 


min(I1), W/CM =~ min(Il’). 
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However, if II; and Iz are minimal, their union need not necessarily 
be minimal, even if I; MN Hy = 0. We will use the notation 


n= WU; 
iel 
to express that 
I; C FPaths(s), i€ 7, =| |M,; and min(I). 
iel 


Note that if 1 = W,-,; Ui, also min(II;) for all i ¢ J. In particular this 
notation applies to minimal subsets II written as the union of their one- 
element subsets: 
mun) a TS LJ {a}. 
well 


Observe that the following two properties hold, as can be readily checked. 
e If =W<, Ui, then It = Uj<, Wit = Lier zen, 71 - 
e We have TH = y,-, Hi; if and only if 
—VieéT: min(I;), and 
=Vi,g etre? => I, 1h; =4.and 
= NGfL s CF fF SS) Va e Ty Vay ey 2 Aa and aA aA 
Let II C FPaths(s). Put H| = {2 € IL | Va’ €Il: 2’ Az}. 


Lemma 7 For any subset I] C FPaths(s), it holds that I] C I, min(I)) 
and It = (II)t. O 


5.2 The measure Prob 


We proceed with the construction of a probability measure Prob out of the 
distribution P of a generative system (S,A,P) on a certain o-algebra on 
CPaths(s). This method was used in many papers, also in [8, 6], and before 
that in [39], where the setting is slightly different and/or only a part of the 
story is given. Here we give complete proofs for our setting. As a standard 
reference for measure theoretic notions and results we use the monograph 
[47]. An important measure theoretic result is the extension theorem which 
states that any pre-measure (c-additive, monotone function with value zero 
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for the empty set) on a semi-ring extends in a unique way to a measure 
on the o-field generated by the semi-ring. Slightly different versions of this 
theorem apply to different definitions of the notion “semi-ring”. For our 
purposes, the definition of a semi-ring from [47] fits best. Namely, a family 
of subsets of a given set S is a semi-ring if it contains the empty set, is closed 
under finite intersection and the set difference of any two of its elements is 
a disjoint union of at most countably many elements of the semi-ring. 


Lemma 8 The set Cones(s) U {@} is a semi-ring. 


Proof: — Clearly, Cones(s) U {0} contains the empty set and it is closed 
under intersection, by Lemma 6. We need to check that the set-difference 
of any two of its elements is a disjoint union of at most countably many 
elements of Cones(s) U {0}. Let 7], 72f € Cones(s). We consider 71 \ mf. 
Since 7} \ moT = mT \ (m1 met), by Lemma 6, the only interesting case 
is m1 MN mol = met 4 m1) which implies 7 ~ 79. Let 


Tl = {a | m=" - last(n’) > s', m7 Xa! X 19,0 Z 7}. 


Then 71} \ wef = Uf = Uren a. This union is at most countable since the 
set II is at most countable by Lemma 5. O 

Now we are ready to introduce the desired extension of P to a measure. 
By Lemma 6, a function Prob : Cones(s) U {@} — [0,1] is well-defined by 
Prob(@) = 0, Prob(et) = Prob(CPaths(s)) = 1 and 


Prob(C) = P(s,a, 8’) - Prob(C’), forC = a}, m= s—>s'-7',C! =7't 


Lemma 9 The function Prob is a pre-measure* on the semi-ring Cones(s)U 


{0}. 


Proof: By definition Prob(@) = 0. Further we need to check mono- 
tonicity and o-additivity. To see that Prob is monotonic assume 7} © of. 
Then, by Lemma 6, we have two possibilities. The first one is 72 ~ 7, and 
since P(s,a,t) <1 for all s,t € S,a € A, from the definition of Prob we get 
Prob(m1}) < Prob(m2}). The second possibility is 7? = m2, in which case 
Prob(m}) = Prob(mf). 

For the o-additivity, assume 


at =| | mt (11) 


tel 


“In [47] pre-measures are also called measures. 
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for some at most countable index set J. We need to show that Prob(zT) = 
ier Prob(miT). 

If |Z7| = 1, then the property is trivially satisfied. Therefore we assume 
that |J| > 1. In particular this means that 7 is not terminating. 

There exists (via a Lemma of Zorn argument) a partial function depth® 
that assigns to some finite paths an ordinal number, satisfying: 


1. If € € FPaths(s) is such that 7; = € for some i € J, or if € terminates, 
then depth() = 0. 


2. Otherwise, if € is a finite path such that all its one step successors 
{é’ | € x €’, length(é’) = length(€) + 1} have assigned depth then also 
€ belongs to the domain of depth and 


depth(€) = sup{depth(é’) | € X é’, length(€’) = length(€) + 1} +1. 
(12) 


Actually the function depth applied to a finite path € captures how 
deep in the cone generated by € one must go in order to be sure that all 
extensions of the path under consideration belong to some 7; for i € I or 
terminate. In other words, if depth(€) is defined, and if © is the set of paths 
that extend € in at least depth(€) steps, then any path that extends any 
path in = belongs to some of the cones 7;} for 7 € J or terminates. 

We first show, by reducing to contradiction, that our starting finite 
path a has been assigned a value for depth. Assume that a has not been 
assigned a value for depth. Let 7° = 7. For each i> 0 let 7’ be a path such 
that length(z’) = length(z’~!) +1, 2°! = a* and 7’ has not been assigned 
a value for depth. Such a chain under the prefix ordering exists since if 
for some i all paths that extend z’ in one step would had been assigned 
depth, then 7* would also have been assigned a depth. Consider the infinite 
complete path 7™ such that for all i> 0, a’ X 7°. By definition 7* € xf. 
By (11), there exists 7 € I such that 1° € 7;}, implying that 7; < 7° and 
hence 7; = 7” for some n > 0. However, then depth(z”) = depth(z;) = 0 
contradicting that 7” has no value for depth assigned. 

Let 7 be any non-terminating path and let {7 | o € O} be the set of 
paths that extend 7 in one step, which means that 


YoE€O: i X mo, length(z,) = length(7) + 1. (13) 


>The function depth has also been defined and used in a proof of a similar property 
by Segala [39]. 
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Then 
a= | | wet (14) 


o€O 


and 


YS" Prob(mot) = 5 > Prob(#t)- P(last(#), a, s’) 


o€O a€A,s/ES 
= Prob(it)- S- P(last(7), a, s”) 
acA,s/ES 
= Prob(7t) (15) 


since 7 does not end in a terminating state, ie. ))ac4 seg P(last(7),a,8) = 
1. 

We finally show, by induction on depth, that if 7 is a finite path which 
has been assigned a value for depth and if 


at= || xa, (16) 


iel/CI 


for some I’ C I, then Prob(#t) = SO,epc, Prob(at). Assume 7 is a path 
with depth(7) = 0 satisfying the assumption above. Then either 7 termi- 
nates or 7? = 7;f for some 7 € I’ and therefore |J’| = 1 and the additivity 
holds trivially. Now assume depth(7) = a and a is a successor ordinal (by 
definition a can not be a limit ordinal). This implies that 7 is not terminat- 
ing. Moreover assume that the property holds for any path of the discussed 
form with depth smaller than a and let {7 | o € O} be the set of paths 
that extend 7 in one step. 

By (16) we have that 


Wiel’: tA 1%. (17) 


Moreover, from (16) and (14), using Lemma 6 we easily conclude that 


Viel’, Aloe O: to x 7 (18) 


and 


Voe O,HeE Tl’: mo X 1. (19) 


Let 
I={iel' | mo x 7}. 
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From (16), (18) and (19), we get that I/ 4 0, 


= | | r and |= | | mi} for o € O. (20) 


o€O iel/, 


Then we get 


Prob(7) ® S| Prob(mof) 


o0€O 

ee aS Ss" Prob(z;t) 
o€O i€l!, 

a Ss" Prob(z;1). 
wel’ 


where the inductive hypothesis is applicable since by (12) and (13), 
depth(.) <a for allo € O and I! C I' CI. This completes the proof. 0 


Corollary 2 The function Prob extends uniquely to a probability measure 
on the o-algebra on CPaths(s) generated by Cones(s) U{@}. We will denote 
this measure again by Prob. O 


Remark 2 Note that, although paths are more or less just alternating se- 
quences of elements of S and A, whether an alternating sequence of states 
and actions is a path depends on the distribution P. Therefore the function 
Prob itself, but also the o-algebra where it is defined and in fact already the 
base set CPaths(s) depends heavily on P. 


The measure Prob induces a function on sets of finite paths, which we 
will also denote by Prob. We define Prob : P(FPaths(s)) — [0,1] by 


Prob(II) = Prob(IIf). 


Note that I} is measurable since it is a countable union of cones. This nota- 
tion is not in conflict with the already existing notation of the measure Prob. 
In fact, P(FPaths(s)) 9 P(CPaths(s)) consists entirely of Prob-measurable 
sets and on such sets both definitions coincide. To see this, note that if 
ma € FPaths(s) M CPaths(s), then a? = {a}. Thus, if II C FPaths(s) and 
II C CPaths(s), we have 


M= ||{r}=||t=m, 


nell well 
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and this union is at most countable. 

It will always be clear from the context whether we mean the measure 
Prob or the just defined function Prob on sets of finite paths. Still, there is 
a word of caution in order: The function Prob : P(FPaths(s)) — [0, 1] is, in 
general, not additive. However, looking at the properties of ™ introduced 
above (on page 115), we find that 


n=(0; = Prob(il) =~ Prob(il,). 
ral i€l 
For this reason, we will overload the notation & and use it also for sets of 
cones generated by sets of finite paths, i.e. from now on we will freely write 


Tt = Wit 
wel 
if and only if it holds that I] = J,-, HW; for H, II; C FPaths(s). 


We obtain that Prob(II) = }),¢q Prob(aT) for every minimal set II. 
Moreover, by Lemma 7, we always have Prob(II) = Prob(II|). 


We next introduce some particular sets of paths. For s € S, $”,S” CS 
with S’ CS”, and W,W’ C A* with W CW’, by 
Ss Drs S! 
as” 
we denote the set of all finite paths that start in s, have a trace in W, end 


up in S$’, without passing a state in S” having just performed a trace in the 
set W’. Formally, 


last(7) € S’, trace(7) € W \ 


Ww Hee 
say S = {n € FPaths(s) | VE ~~: trace(£) ¢ W’ V last(€) ¢ S” 


as” 


We write Prob(s, W, =>W, S’, =”) = Prob(s Bai S’). Since S’ C S$” and 


as” 
: Ww ; . 
W CW’ we always have min(s —_y, S$’). For notational convenience we 
y ae 
aS 
will drop redundant arguments whenever possible. Put 
Ww Ww 
soup Sl = sip 8, 
5s! 
Ww Ww 
soig S' = 8 SW, oy (21) 
Ww Ww 
s— s! = sw S! 


and, correspondingly, 
Prob(s, W, ~W’, S’) 
Prob(s, W, S’, 7S”) 
Prob(s, W, 9’) 


Prob(s, W, ~W’, S’, 4S"), 
Prob(s, W, =W, $’, =S"), (22) 
Prob(s, W, =W, S$’, +S"). 


Note that 
a 5's {a € FPaths(s) | trace(7) € W, last() € S"}] 
and hence 


Prob(s, W, 9’) 


Prob(s “% $") (23) 
Prob({z € FPaths(s) | trace(a) € W, last(m) € S’}). 
Also, for a € A,t € S, we have 


Prob(s +t) = P(s,a,t), if s—+t 
Probes tal ey 4,t), 24 
OPUS AGIA) { Prob(9) = 0, otherwise on 
Let $’,.S”,W,W’' be as above. Suppose F C S. Then we put 
F LAT, se | | 8 Laer S' C FPaths 
as” as” 


scF 
In case that for every s € F the value of Prob(s, W, =W’,$’,=S”) is the 
same, we speak of this value as Prob(F,W,=W’,S’,=S”). Also, in this 
context, we shall freely apply shorthand as in (21) and (22). 


The next technical property concerning sets of concatenated paths will be 
used at several occasions in the paper. Note that, whenever a concatenation 
11 + 72 is defined, we have Prob({7 - 72}) = Prob({7}) - Prob({72}). The 
proof is rather elementary and can be found in [44]. 


Proposition 5 Let Il; C FPaths(s), Hy C FPaths and assume that the set 
of states S is represented as a disjoint union S = ||,-, 5;. Denote Il,,5, = 
{m € Ih | last(7) € S;}, loz = {2 € II | first(72) = t}. Assume that for 
everyiteEl 

Prob(I]2 4) = Prob(I]2 4”), ie the S; . 
Moreover, assume that I],,IIz and I, - Ig are minimal. Then, for every 
choice of (ti)ier € [jer Si, we have 


Prob(I : IIz) = S- Prob(Il,,s,) . Prob(II24; ) : 
iel 
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It is worth to explicitly note the particular case of this proposition 
when || = 1. 


Corollary 3 Let Il, C FPaths(s), Iz C FPaths. Let Ho: = {m2 € I | 
first(72) =t}. Then, if min(II,), min(II2) and min(I - Iz), and if for any 
Ut” € first(IIz), Prob(IIz4) = Prob(IIz,), we have that 

Prob(I, - Hz) = Prob(II,) - Prob(IIz 4) 


for arbitrary t € first(II2). O 


For further reference, we state the following simple property. 


Proposition 6 Consider a generative system (S,A,P). Lets € S,W C A* 
and S' CS such that it partitions as S’ = Uje,S;. Then 


Prob(s, W, $’) = = Prob(s, W, 9;, 3S”). 
ier 


Ww Ww 
Proof: We have s —> S’ = W,¢7 8 — 97S. O 


5.3. The concrete weak bisimulation 


In this subsection we recall the original definition of weak bisimulation and 
branching bisimulation for generative systems proposed by Baier and Her- 
manns and we establish some properties of these relations that are essential 
for the correspondence result in Section 5.5 below. 


Definition 13 /7, 6, 8] Let (S,A,P) be a generative system. Let T € A be 
the invisible action. An equivalence relation R C S x S is a weak bisim- 
ulation on (S,A,P) if and only if (s,t) € R implies that for all actions 
a€A\ {tr} and for all equivalence classes C € S/R: 
Prob(s, T*at*, C) = Prob(t, r*at*, C) (25) 
and for all C € S/R: 
Prob(s, 7*, C) = Prob(t,7*, C). (26) 


Two states s and t are weakly bisimilar if and only if they are related by 
some weak bisimulation relation. Notation s %g t. 
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Note the analogy between the transfer conditions (25), (26) and (4). 
The definition of branching bisimulation for generative systems is given 
below. 


Definition 14 /7, 6, 8] Let (S,A,P) be a generative system. Let rT € A 
be the invisible action. An equivalence relation R CS x S is a branching 
bisimulation on (S, A, P) if and only if (s,t) € R implies that for all actions 
a€A\{r} and for all equivalence classes C € S/R: 


Prob(s, r*a, C) = Prob(t, r*a, C) (27) 
and for all C € S/R: 
Prob(s, 7*, C) = Prob(t,7*, C). (28) 


Two states s andt are branching bisimilar if and only if they are related by 
some branching bisimulation relation. Notation s pebr t. 


Baier and Hermanns have shown [6, 8] the following correspondence 
result for finite systems, i.e. systems with finite set of states. 


Proposition 7 Any weak bisimulation on a finite generative system is a 
branching bisimulation and vice versa. Hence, branching bisimilarity and 
weak bisimilarity coincide on finite systems. O 


Also for arbitrary generative systems branching bisimilarity implies 
weak bisimilarity, i.e., the proof of this direction of Proposition 7 does not 
require finiteness, as shown below. 


Proposition 8 Any branching bisimulation on a generative system is a 
weak bisimulation as well. 


Proof: The property follows since we have s C= gE Ser. 
Cles/R 


Cae given a branching bisimulation R,s€ S,ae€ AandCe S/R. O 

Whether a coincidence result as in Proposition 7 holds for arbitrary 
systems is an open question. The proof for finite systems can not be 
extended to arbitrary systems - in particular in Lemma 7.5.4 of [6] we can 
not obtain regularity for arbitrary matrices. On the other hand, up to now, 
an example showing the difference between weak and branching bisimilarity 
for arbitrary systems is not known to us. Therefore, we distinguish between 
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the two notions. 


Let R be a weak or branching bisimulation on (S,A,P). Define a 
relation — on S/R by 


Cl -> C2 = Prob(Cj, 7*, C2) = 


and denote by « the equivalence closure of —, i.e., @ = (> U<)*. 


A weak or branching bisimulation on (S, A, P) is called complete, if 
Prob(Cj, 7*, C2) =1 <> C71 = C2 


for all classes C1,C2 € S/R. Hence, if R is a complete weak or branching 
bisimulation then for any two different classes C,,C2 € S/R it holds that 
Prob(C1, 7*, C2) < 1. 

The next proposition is essential for the correspondence result below. 
Its proof is long, involved, and includes a detailed study of the — relation. 
We only give a sketch, details can be found in [44]. A similar property is 
stated in [8, 6] without a proof. 
Proposition 9 Let (S,A,P) be a generative system and let s ~, t or s abr 
t. Then there exists a complete weak or a complete branching bisimulation 
R, respectively, relating s and t. 


Proof: (Sketch) The proof follows by a limit argument, using the Lemma 
of Zorn, from the following property: 

Let R be a weak or branching bisimulation on (S, A, P). Let Co € S/R 
be a fixed class such that U = [Co], 4 {Co}. Here [Co]. denotes the < - 
equivalence class of C. Define an equivalence R’ on S' by 


(s,t) ER! <> (s,t)e RV {s,t}C UC. 
CEU 


Then R’ is a weak or branching bisimulation, respectively, and RC R’. 
Hence, if R is not complete, then a larger weak or branching bisimula- 
tion can be derived from it (by joining some classes). O 
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5.4 Weak coalgebraic bisimulation for generative systems 


In this subsection we provide a coalgebraic definition of weak bisimulation 
for generative systems, according to the approach from Section 3. For 
this we need a *-translation that will transform the generative systems 
with action set A into systems with action set A*. Unlike for LTSs, the 
*-translation employed will yield coalgebras of a different type. 


Let G* be the bifunctor defined by 

G*(A, S) = P(A) x P(S) = [0,1] 

on objects (A, S$) and for morphisms (fi, f2): (A,.S) > (B,T) by 
G* fi, fo) = (vive (Fr? x fo") |v: P(A) x P(S) = [0,1)). 

Consider the Set functor G*, corresponding to G*, so that 

G(S) = (P(A) x P(S) = [0, 1]) 
and for a mapping f: S— T, 

Gif (v) =ve(idg x fo) 


for v: P(A) x P(S) = [0,1]. 

We will use the functor G% to model the *-translation of generative 
systems. Therefore we are interested in characterizing equivalence bisimu- 
lations for this functor. In order to apply the results from Section 2 we need 
the following proposition. We dedicate Appendix C to its proof. 


Proposition 10 The functor G% weakly preserves total pullbacks, but it 
does not preserve weak pullbacks. Oo 


Let R be an equivalence relation on a set S. A subset M C S is an 
R-saturated set if for all s € M the whole equivalence class of s is contained 
in M. We denote by Sat(R) the set of all R-saturated sets, Sat(R) C P(S). 
Actually, M is a saturated set if and only if M = UjerC; for C; € S/R. 
Hence there is a one-to-one correspondence between the R-saturated sets 
and the elements of P(S/R). 


The next lemma contains a transfer condition for equivalence bisimu- 


lations for systems of type G%. Its proof follows the approach discussed in 
Section 2 (see Lemma 2 and Lemma 3). 
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Lemma 10 An equivalence relation R on a set S is a bisimulation on the 
G*, system (S,A,a) if and only if 


(s,t) € R => VA' CA,VM € Sat(R): a(s)(A’, M) = a(t)(A’, M). 


Proof: Consider the pullback P of the cospan 
G* Cc G* C 
GS —> G4 (S/R) <~— G48 


where c is the canonical projection of S onto S/R. We have (u,v) € P if 
and only if G4c(u) = G4c(v), ie. re (idg' x 71) = ve (id! x ec“). This 
is equivalent to 


VA’ C A,VM C S/R: p(A’,c71(M)) = v(A’,c1(M)) 


and, since c7! : P(S/R) — Sat(R) is a bijection, we get an equivalent 
condition 


VA' C A,VM € Sat(R): u(A’, M) = v(A’, M). 


Now, using Lemma 2, and Proposition 10, we obtain the stated characteri- 
zation. O 

We proceed by presenting a suitable *-translation for generative sys- 
tems. The translation will yield a system of type G%.. Recall that generative 
systems are coalgebras of the functor G4 = D(A x Td) + 1. 


Definition 15 Let ®9 assign to every generative system (S,A, P), i.e. any 
Ga-coalgebra (S, A,a), the G%.-coalgebra (S, A*,a’), where for W C A* and 
S’ CS, a’(s)(W, S’) = Prob(s, W, S$"). 


In order to show that the translation defined above is indeed a *- 
translation we need the property below. Its proof is straightforward and 
can be found in [44]. 


Lemma 11 Let (S,A,a), i.e. (S,A,P), be a Ga system, R a bisimulation 
equivalence on (S,A,a) and (s,t) € R. Fork € N,C; € S/R and a; € A, 
ie {l,...,k}, lets “4 C,--- “+ Cy denote the set of paths 


a a a a 2 
pena Ogee: — Cy = {s — 31 --- —S 5; | 8; € C;,i =1,...,k}. 
at ak a eee 
Then s —> Cy --: —>C, is minimal and 


Prob(s > C,--- = C,) = Prob(t “> C1 - + =", Cy) (29) 


O 
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We can now show that the defined map is a *-translation. 
Proposition 11 The assignment ®9 from Definition 15 is a *-translation. 


Proof: We need to check that ®9 is injective and preserves and re- 
flects bisimilarity. For injectivity, assume ®9((S,A,a)) = ®9((S,A,(G)) = 
(S, A*,a’). Then, by the definition of Prob, cf. (24), we get that for any 
s,t € S and any a € A, a(s)((a,t)) = P(s,a,t) = Prob(s, {a}, {t}) = 
a’(s)({a}, {t}) = B(s)((a, t)). 

Reflection of bisimilarity is direct from Lemma 10: Assume s ~ t in 
©9((S, A,a)) = (S, A*,a’) and assume that R is an equivalence bisimulation 
on (S, A*,a’) such that (s,t) € R. By Lemma 10, we get that for W C A* 
and for M € Sat(R), 


a’(s)(W, M) = a'(t)(W, M). (30) 
In particular, for all a € A and all C € S/R, we have 


a'(s)({a},C) = a’(t)({a}, C). (31) 


By the definition of a’ and Prob we have 


a'(s)({a}, C) = Prob(s, {a},C) = 5° P(s,a,8') = > a(s)((a, s’)) 


siEC s'EC 


and therefore, for alla € A and all Ce S/R, 


d a(s)((a, 8’) = S7 a(t)((a, s’)) (32) 


slEC s'EC 


which means that R is a bisimulation equivalence on the generative system 
(S,A,a), ie. s ~~ ¢ in the original system. 

The proof of preservation of bisimilarity uses Lemma 11. Let s ~ t 
in the generative system (5, A,a). Then there exists an equivalence bisim- 
ulation R with (s,t) € R. The relation R induces an equivalence Rs on 
FPaths(s) defined by 


a’, 


/ 
a1 ak Oy. f kl 
(8 —> 81 +++ —>S, , 85 —>S8,--- —>s,) ER, 


if and only if k = k’, a; = a}, and (s;,s;) € R fori=1,...,k. The classes of 
R, are exactly the sets s lie Omer pl C;, for C; € S/R and a; € A. 
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Assume M € Sat(R) and W C A*. We show that the set 55M is 
saturated with respect to Rs. Namely, let 7 = s— 51 --: Rg, € 3 mL 
and let 1’ = s—*+s\--- “*:s!, be a path such that (1,7’) € Rs. Then 
trace(7) = trace(z’), first(7) = first(z’) and (last(z), last(m’)) € R. Since 
M is saturated, last(z’) € M for last(7) € M. Furthermore, 7’ does not 
have a proper prefix with trace in W and last in M, since this would imply 
that a has such a prefix, contradicting 7 € s Bue Ya Hence, 7’ € s MONE. 

Therefore, the set s “Misa disjoint union of some R, classes and, 


since s — M is minimal, we can write 


Ww a; Qik, 
s>M=s% A ee tees ae OF a 
ier 


Prob(s “> Cj, «+» “+ Cix). 


and it follows that Prob(s,W,M) = >> 
Similarly, ¢ “Misa disjoint union of some R; classes, for R; being an 
equivalence on FPaths(t), defined as Rs with t instead of s. Using that R 


is a bisimulation and (s,t) € R, it is not difficult to see that actually 


wel 


t% male Ca--- 4 Cy. 
tel 
By Lemma 11, we get that Prob(s,W,M) = Prob(t,W,M), ice. 
a’(s)(W, M) = a’(t)(W, M) proving that R is a bisimulation on (5, A*, a’) 
and s ~ ¢t in the *-extension (S, A*, a’). O 


The *-translation ®9 is also not induced by a natural transformation, 
as the systems of Example 1 in Section 4 show, interpreting each transition 
as probabilistic with probability 1. 


Remark 3 The «-translation ®9 together with a subset rT C A determines a 
weak-r-bisimulation. For a generative system (S,A,a), the weak-r-system 
1S 

W,° 69((5, A,a)) = U,((S, A*,a’)) = (S, A,, 0") 


where a’(s): P(A,;) x P(S) = [0,1] is given by 
a"(s) = ng(a'(s)) = G* (hr, ids)(a"(s)) = al(s)° (hz? x ids’). 
Hence for X C A, and 8’ CS, 


a"(s)(X, $") = a'(s)(h7"(X), 8’) = a'(s)( (LJ Bu, 8’) = Prob(s, |) Bu, S’), 


wEx wEx 
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where, By is the block By = T*a,T*...7*apT* = h7'({w}), for a word 
w= a,...d, € A,. 

Therefore, from Lemma 10 we get that an equivalence relation R is a 
weak-r -bisimulation w.r.t. (89,7) on the generative system (S,A,a) if and 
only if (s,t) € R implies that for any collection (B;)ier of blocks writing B; 
as a shorthand for By, for some word w; € A*, and any collection (Cj) jes 
of classes C; € S/R, 


Prob(s, U By. U Cj) = Prob(t, U B;, U CE): (33) 
NS ae jer “Ges 


Sets of the form Uje,B; will be called saturated blocks. 


5.5 Correspondence results 


We are now able to state and prove the correspondence results for generative 
systems. The first statement is obvious from the definitions. 


Theorem 2 Let (S,A,a) be a generative system. Lett € A be the invisible 
action and s,t € S any two states. Then s 1,, t according to Definition 9 
with respect to the pair (®9,{7}) implies s %, t according to Definition 13. 


Proof: The statement holds trivially, having in mind Definition 13 and 
Remark 3, equation (33), since 7* as well as r*ar*, for any a € A \ {rT} is 
a saturated block and also each R-equivalence class is an R saturated set. 


Hence {7} is at least as strong as %g, Rip} Oo Xq. O 


In the opposite direction we have that coalgebraic weak bisimilarity is 
implied by branching bisimilarity. 


Theorem 3 Let (S,A,«a) be a generative system. Let r € A be the invisible 
action and s,t € S any two states. Then s abr t according to Definition 14 
implies s ~5,, t according to Definition 9 with respect to the pair (®9, {T}). 


Proof: (Sketch) The proof of this theorem is rather technical, long, and 
divided into several steps. Here we discuss its outline. Details can be found 
in [44]. 

Let (S,A,P) be a generative system, and s,t € S. For 
ease of presentation we write Holds[s,t,W,9$’] for the statement 
Prob(s, W, S$’) = Prob(t,W,S’), where W C A* and S’ C S. We 
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also write Holds|[s,t,W,S’,=S”] for the statement Prob(s,W,S’,7=S”) = 
Prob(t, W, S’, =S”) if needed. 

Now assume s pr t for two states s and t. This means that there exists 
a branching bisimulation R, according to Definition 14, with (s,t) € R. 
Hence, R is an equivalence relation such that for all visible actions a and 
all equivalence classes C € S/R we have Holds|s,t,7*a,C]. Additionally 
Holds|s,t,7*, C]. By Proposition 9, we can assume that R is complete (this 
is essential for the proof). 

We want to show that the transfer condition (33) of Remark 3 holds, 
and hence R is a coalgebraic weak bisimulation witnessing that s ~1,} t. 
Therefore, we need to show that for any R-saturated set M = U;C; and 
any union of blocks W = U;B; it holds that 


Holds|s, t, W, M]. 
We establish successively: 


1. Holds[s,t, B,C] where B is any block, B = r*a,7*...7*az7* and C 
any class. 


2. Holds[s,t,B,C;,-M] for any block B, any saturated set M, and 
C;, CM. 


3. Holds|s,t, B,M] for any block B and any saturated set M. 


4. Holds[s,t, W, M] for any saturated block (i.e. union of blocks) W and 
any saturated set M. 


In each item, the main idea is to represent the set to be measured in terms 
of the sets for which the statement has already been proved. For example, 
for the simplest step 1., we observe that for any B’ = r*a,7*...7*az, we 
have ‘ 
s2c= W s4c-c’'c 
Cles/R 
and further : 
sC= W sSc.cte. 
Cles/R 
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Step 2. is most involved, but interesting in itself (cf. [44]). Step 3. isa 

direct consequence of Proposition 6. Showing 4. completes the proof. O 
By Theorem 2, Theorem 3, and Proposition 7 we obtain the following 

corollary which gives us the correspondence result for finite systems. 


Corollary 4 For finite generative systems, coalgebraic weak bisimilarity 
~,4 according to Definition 9, with respect to the pair (®9,{T}), coincides 
with concrete weak bisimilarity ~g according to Definition 13. O 


6 Concluding remarks 


In this paper, we have proposed a coalgebraic definition of weak bisimulation 
for action-type systems. For its justification we have considered the case of 
familiar labelled transition systems and of generative probabilistic systems, 
and we have compared our notion to the concrete definitions. In particular, 
we have obtained that the coalgebraic definition of weak bisimulation (for a 
suitably chosen *-extension) for LTSs coincides with the standard definition 
of weak bisimulation. 

For generative probabilistic systems, the situation is more complex. 
Most of the work and technical difficulties of this paper are related to the 
correspondence results for generative probabilistic systems. As the stan- 
dard notion of concrete weak bisimulation we have adopted from a number 
of choices the one proposed by Baier and Hermanns. However, their in- 
vestigations and results are limited to finite systems. As our set-up does 
not restrict to the finite case, the coalgebraic framework exploited in the 
present paper extends the concrete definition and provides a coalgebraic def- 
inition of weak bisimulation for generative systems also covering the infinite 
case. Moreover, the correspondence results of our Section 5 also position 
the definition of Baier and Hermanns as a natural one as it is canonically 
induced from the underlying generative transition systems, once captured 
coalgebraically. 

Baier and Hermanns also propose a notion of branching bisimulation. 
They prove their concrete notions of weak and branching bisimulation to 
coincide for finite generative systems. For the coalgebraic definition of weak 
bisimulation for finite and infinite generative systems the situation is as 
follows: 


concrete branching C coalgebraic weak C concrete weak. 
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As mentioned before, in case of finite systems, we have 
concrete branching = concrete weak. 


So, in the finite case, that was considered for the concrete notions, all 
three notions —concrete branching, coalgebraic weak, and concrete weak 
bisimulation— coincide. The precise situation of strict inclusion and/or 
equality for the general case remains to be unraveled, although it seems 
that the coincidence of concrete branching and concrete weak bisimulation 
will carry over to a wide class of well-behaved infinite systems. 

Various issues remain untackled by the present approach to the weak 
bisimulation problem for coalgebras. In particular, the main issue here is 
that one has to come up with a suitable definition of a *-translation oneself, 
in order to obtain a weak bisimulation for a class of coalgebras of a given 
type. Ideally, a coalgebraic construction would automatically induce the *- 
translation. A method for systematically obtaining *-translations is a topic 
for further research. 

Also, other examples that fit in our framework are to be studied. For 
instance, while programs, modeled by automata with outputs for the functor 
ZTd+O with O being the set of outputs, allow for a coalgebraic definition 
of weak bisimulation along the lines described above quite naturally. The 
resulting definition coincides with the definition described in [37]. Namely, 
there the action set is a singleton A = 1 using that ZTd+O =1xZd+0O. 
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A (Weak) Pullbacks and their preservation 


A span (S,s1,82), between X and Y, is a diagram of the 
fom X<—~—S—+yY. It is jointly injective if the mapping 
(81,82) : S > X x Y, defined by (s1,52)(s) = (s1(s),s2(s)) is injec- 
tive. A relation R C X x Y gives rise to the jointly injective span 
(R, 71,72) between X and Y. Dually, a cospan (C,c1,c2) is a diagram of 


the form beeen ge cies, 1am 


A pullback, of a cospan (C, ci, c2), is a span (P, pi, p2) as in the diagram 
below satisfying ci °pi = c2°p2 and such that for every span (S, 51, s2) with 
C1 ° 81 = C2° Sg there exists a unique mediating map m: S — P satisfying 
8, = pyom and sg = poom. A weak pullback is a pullback for which the 
mediating arrow m need not be unique. 


a 


c2 


A pullback of a cospan (C, th between sets X and Y is the span 
arising from the relation 


Q:= {(t,y) €X x ¥ | a(x) = caly)}- 


A weak pullback arising from a relation R C X x Y is also an ordinary 
pullback, as one can derive from the joint injectivity of the two projections. 


A functor F is said to preserve a (weak) pullback (P, p1, p2) of a cospan 
(C,c1, ¢2), if (FP, Fp, Fp2) is again a (weak) pullback of (FC, Fc, Fc2), 
i.e. if it transforms a (weak) pullback of a cospan into a (weak) pullback 
of the transformed cospan. The functor F weakly preserves a pullback of a 
cospan if it transforms it into a weak pullback of the transformed cospan. 
We note the following two properties taken from [19, 18]. 


Lemma 12 Let F be a Set endofunctor. Then 


(i) F preserves weak pullbacks if and only if it weakly preserves pullbacks. 
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(ii) F preserves weak pullbacks if and only if for any cospan (C,c1, C2) 
we have: Given u and v with Fc(u) = Feo(v) then there exists a 
w € F{(x,y) | c1(x) = co(y)} with Fr (w) =u and Fro(w) =v. O 


We end this section by mentioning a special type of pullback. A (weak) 
pullback (P, 1, p2) is said to be total if its canonical morphisms, or legs, pi 
and p2 are epi. In Set a pullback of a cospan (C,c1,c2) where c, : X > C 
and cg: Y — C are surjective, is a total pullback. Moreover, it is easy to 
see the following. 


Lemma 13 In Set, the pullback of a cospan (Cyc, : X > C,c2: Y — C) 
is total if and only if the images of X and Y under c, and c2, respectively, 
are equal, i.e. c1(X) = c(Y). O 


We say that a functor weakly preserves total pullbacks if it transforms 
any total pullback into a weak pullback. According to Lemma 13, weakly 
preserving total pullbacks is the same as weakly preserving pullbacks of 
cospans (C,,c1,c2) with c;(X) = co(Y). Clearly, if a functor preserves weak 
pullbacks, then it weakly preserves total pullbacks. We shall see in Ap- 
pendix C that weak preservation of total pullbacks is a strictly weaker no- 
tion, i.e., there exists a functor that weakly preserves total pullbacks but 
does not preserve weak pullbacks. 


B- Weak pullback preservation of the distribution 
functor 


Here we establish the weak pullback preservation of G4, the functor defining 
generative probabilistic systems. Actually, we show weak pullback preser- 
vation of the probability distribution functor D. For the probability distri- 
bution functor with finite support weak pullback preservation was proven 
by De Vink and Rutten [46], using the graph-theoretic min cut - max flow 
theorem, and by Moss [31], using an elementary matrix fill-in property. Fol- 
lowing Moss [31] we show that the needed matrix fill-in property can be 
used and holds for arbitrary, infinite, matrices as well. 

We start with a simple auxiliary property, that is also needed for the 
proof of Lemma 5 (Section 5.1). This property also justifies the name “dis- 
crete” probability distributions. 
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Lemma 14 Let f : S — Rso be a function with the property \) <9 f(s) < 
oo. Then the support set of this function, supp(f) = {s € S | f(s) > 0} ts 
at most countable. 


Proof: Let s € supp(f). Then f(s)>0 and therefore there exists a natural 
number n such that f(s)>1/n. So we have, supp(f) C Unen supp,, (44) where 
suppn(H) = {s € supp() | f(s) >1/n}. Now, since >) csuppif) (8) = "<x, 
the set supp,,(f) has less than n/r elements, i.e., it is finite , for all n € N. 
Therefore the set supp(f) is at most countable, being a countable union of 
finite sets. O 


Next we present the matrix fill-in property for infinite matrices. 


Lemma 15 Let I and J be arbitrary sets. For any two sets {a; | i € I} 
and {y; | 7 € J} of non-negative real numbers such that 


TaD <e 
iel jeJ 
there exist non-negative real numbers {2,5 |1€I,j € J} such that 
S- Zig = Vj and Ss" Zig = Yj 
Ge ie] 
for allie l,j € J. 


The proof is rather technical, though interesting, and can be found 
in [44, Lemma B.2, Lemma B.3]. Let us discuss the idea, also used in [31] 
for finite matrices, on a finite example. Let two finite sequences x and y be 
given by 21 = 2,279 = 1,23 = 3 and yy = 1, y2 = 3, y3 = 0, ya = 2. Since 


Ly + LQ + LZ = Y1 + Y2 + YB + Ys 


the statement claims that there exists a matrix Z, in this case of order 3 x 4, 
such that x; is the sum of the 7-th row and y; the sum of the j-th column. 
The matrix 


satisfies that property. We have constructed it in the following way. For 
21,1 we take the minimum min{z1, 4}, hence 21,1; = y; = 1. Since the first 
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column sum has already been achieved we fill-in z2,1 = 23,1 = 0 and the next 
element to be filled-in is z;,2. We fill it with the value min{21 — 21,1, y2} = 
x1 — 2,1 = 1. Since the first row-sum has been achieved, we put 21,3 = 
21,4 = 0, and continue with z29. It gets the value min{x2— 221, y2— 21,2} = 
“2 — 22,1 = 1. Hence, z2.3 = 22,4 = 0 and the next element to be filled-in is 
239. Its value is then min{x3 — 231, yo — 21,2 — 22,2} = yo — 212 — 222 = 1, 
which completes the second column. Next is 23,3 = min{x3 — 23,1 — 23,2, y3 — 
21,3 — 223} = y3 — 21,3 — 22.3 = 0. We fill-in the last element z3,4 with the 
remaining value x3 — 23,1 — 23,2 — 23,3 = Y4 — 21,4 — 22,4 — 23,4 = 2. 


Lemma 16 The functor D preserves weak pullbacks. 


Proof: It suffices to show that a pullback diagram 
P 
po’ 
xX Y 
er 
Z 


will be transformed to a weak pullback diagram (Lemma 12). Let P’ be the 


D D 
pullback of the cospan DX eis DZ <—- DY . Since DfeDm = DgePra, 
there exists y : DP — P’ such that the next diagram commutes 


DP 
Dye af) Dro 
Pp’ 

DX DY 


and it is enough to show that 7 is surjective in order to get a mediating 
morphism from P’ to DP. Let (u,v) € P’ be given. If 4 € DP is such that 


(Dm)(u) =u, — (Drr2)(u) = v (34) 


then y(4) = (u,v) since 71 and 72 are jointly injective i.e. 71 X72 is injective. 
Hence the task is to find a function 4 € DP which satisfies (34). More 
explicitely we have to find 4: P — [0,1] such that for all ro € X,yo EY 


J pl2o,y) = uleo), S> — wle,yo) = v(yo) (35) 


yEY :(xo,y)EP rEX:(x,yo)€P 


140 


For if yp: P — [0,1] satisfies (35), then w € DP and (34) holds. 
The set P can be written as the union 


P= feb) x 9 zh) 


ZELZ 


of disjoint rectangles, in fact rectangles with non-overlapping edges. There- 
fore, the existence of a map jz which satisfies condition (35) is equiv- 
alent to the condition that for all z € Z there exists a function p, : 
f-1({z}) x g({z}) — [0,1] such that for all zo € f—!({z}), and all 
yo €g ‘({z}), 


SS) pz(20, y) = u(x), S > pz(2, yo) = v(yo). (36) 
yeg—*({z}) xe f—"({z}) 


Since (u,v) € P’, we have 


dX u(x) = (Df)(u)(z) = (Dg)(v) (2) = vy). (37) 
wef—'({z}) yeg-*({z}) 


Thus we may apply the matrix fill-in property, Lemma 15. O 


C Weak pullback preservation of the functor G%, 


In this part we investigate the weak pullback preservation of the functor 
G*,. We establish that the functor preserves total weak pullbacks, but does 
not preserve weak pullbacks, i.e. we give a proof of Proposition 10. 


Lemma 17 The functor G%, weakly preserves total pullbacks. 


Proof: Let (P,71,72) be a total pullback in Set of the cospan 


Ke ey By ie. P = {(x,y) | f(x) = g(y)} and 7,72 surjec- 
tive. Then the outer square of the diagram below commutes. More- 
over, there exists a mediating morphism y : G%P — P’ from the candi- 
date pullback (G%P,G%7m1,G%72) to the pullback (P’,p1, p2) of the cospan 


G* G’, 
Gi Gr Gay 
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It is enough to prove that 7 is surjective (Lemma 12(ii)). So, we show 
that for every (u,v) € P’ there exists w € G4P with Gym (w) = u and 
G*,72(w) = v which is equivalent to we(id,' xm, ') = wand we(id,' xm") = 
v. Fix (u,v) € P’. We have 


(u,v) € P! = VA'CA,VZ' CZ: uA’, f-1(Z’)) = (A, g 1(Z’)).. (38) 
Let X’ C X,Y’ CY and assume 77, 1(X") = 151 (Y’). Then 


(i) f°(f(X)) =X": 
Clearly X’ C f-t(f(X')). Let « € f—!(f(X’)) such that f(x) = 
f(x’) for some x’ € X'. Since 7 is surjective, there exists y € Y 
with (x,y) € Pie. f(x) = g(y), and hence also f(x’) = g(y), ie. 
(x,y) € P. Thus (2',y) € a/1(X') = 1p 1(Y") implying y € Y’. 
Hence (x,y) € my '(Y') = 7,1 (X") ie. w © X". 

(ii) g-'(g(Y’)) =Y": similar as (i). 

(ii) F(X") = 9): 
Let z € f(X’), ie. z = f(z’) for 2’ € X'. Since 7 is surjective there 
exists y € Y with (a’,y) € P,ie. f(x’) = gly). Now, (a’,y) € 
my 1(X’) = my'(Y") and therefore y € Y’, ie. z = f(x’) = gly) € 
g(Y"). We have shown f(X’) C g(Y"). Similarly, g(Y’) C f(X’). 


Hence, if m,'(X’) = my'(Y') for X’ C X,Y’ C Y we get, for any 
A' CA, 


u(A’,X") 2 ua’, FOX) @ v4, g 2X) F 
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Since 7, and 7 are surjective, 
my (X") _— my (X") — xX’ _ Bats 
and 
ee) — m5 (Y") — y’ = y" 
for any X', X"” C X andany Y’, Y” CY. So the function w: P(A)xP(P) — 
(0, 1] given by 


uA X) Q=n'(X’) 
w(A’,Q) =< (A, Y’) O= a (Y’) 
0 otherwise 


is well defined. Clearly, we (id,' x 77!) = u and we(idy! x m1) =v. Thus 
the functor G% weakly preserves total pullbacks. O 


However, note that although G%, weakly preserves total pullbacks, it 
does not preserve weak pullbacks, as shown by the next example. 


Example 2 G*, does not preserve weak pullbacks. 


Choose X with |X| > 3. Fira € X. Let Z = {1,2,3} and consider 


the cospan X mate ied ay for the maps 


(Oe Sa BS ae 


otherwise otherwise. 


The Set pullback of this cospan is then P = {(x0,20)}. On the other hand, 
let P’ be the pullback of the cospan 


G*, f sé G* i: 
Gi Gt, 
We have (u,v) € P’ if and only if 


Gal (u) = Gaglv), 
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for all A! C A, Z' C Z. Therefore, every pair (u,v) € G4 X x GX with the 
property 


u(A’,0) = w(A’, {xo}) = (A, X \ {20}) = H(A’, X) = 
= vV(A',0) = v(A’, {20}) = v(A', X \ {z0}) = (A',X) 


belongs to P’, since 0, {xo}, X \ {ao} and X are the only subsets of X that 
are inverse images of subsets of Z under f and g. 

Now we consider G%,P = P(A) x P(P) — [0,1]. If uw € G4X is such 
that uw = (Gym1)(x) for some x € GP, then = x0 (idy' x my"). Hence, 
for A’ CA,X' CX we have 


wry { 89 


Choose x1 € X, 41 # Xo. Since |X| > 3 we have {xo, 21} ¢ {0, {xo}, X \ 
{xo}, X}. Define €: P(A) x P(X) = [0,1] by 


Lo,%o)}) toe X’. 


KP =f 06,2} 
otherwise. 


eax) ={ 4 

TREE EGY ahd Te Rae ESE helenae TOP inte for coer AleX. 
€(A’,0) = €(A’, {t0}) = (AX \ {2o}) = (A, X) = 0. 
However, € can not be written as (G*m1)(x) for any x € G4P, since 
E(A’, {x0, 21}) 4 &(A’, {xo}), 
while, as noted above, 
(Gam) (x)(A’, (20, 21}) = x(A%, {(x0, 20) }) = (G71) (x)(4’, {20})- 

Hence, for the pair (€,€) € P’ there does not exist an element x € G%P 


such that G%ym1(x) = € and Gyme(x) = €, which by Lemma 12 shows that 
G*, does not preserve weak pullbacks. 
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